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bstract
This paper is an extension for our previous results [3–5], and it deals with the finite element approximation of a parabolic quasi-
ariational inequalities with mixed boundary conditions. A quasi-optimal L∞-error estimate is established using a new discrete
lgorithm stands in theta time scheme combined with a finite element spatial approximation. Our approach stands on a discrete
∞
-stability property with respect to the right-hand side where the obstacle defined as an impulse control problem.
 2013 Taibah University. Production and hosting by Elsevier B.V. All rights reserved.
MS: 65J15; 65N30
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.  Introduction
A great deal of work has been done on questions of existence and uniqueness for parabolic and elliptic variational
nd quasi-variational inequalities over the last three decades. However, very much remains to be done on the numerical
nalysis side, especially error estimates for elliptic variational and quasi variational inequalities in uniform norm (cf.,
.g. [2,3,6–11,13,14,18–20]). The existence, uniqueness and regularity of the continuous and the discrete solution have
een intensively studied and there are established in the past years, (see [1,4,5,12,15,16,21]) for details.
In this paper, the parabolic quasi-variational inequalities related to impulse control problem can be transformed into
ome coercive elliptic quasi-variational inequalities, a new iterative discrete algorithm for the existence and uniqueness
f the discrete solution is proposed, and give a simple proof of the asymptotic behavior in L∞-norm using the theta
ime scheme combined with a finite element spatial approximation. The proposed approach stands on a discrete∗ Corresponding author. Tel.: +213 557989737.
E-mail address: haiourm@yahoo.fr (M. Haiour).
eer review under responsibility of Taibah University.
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L∞-stability property with respect to the right-hand side where the obstacle defined as an impulse control problem
with mixed boundary conditions.
We consider the following evolutionary inequality: find u  ∈  L2(0,  T  ; H10 ()) solution of⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
∂u
∂t
+  Au  −  f  ≤  0,  in ,
u −  Mu  ≤  0 Mu≥0,  in ,(
∂u
∂t
+  Au  −  f
)
(u  −  Mu) = 0 in ,
∂u
∂η
= ϕ  in 0,
u =  0 in \0,  u (x, 0) = u0 in ,
(1.1)
where  set in Rn ×  R,    =    × [0,  T  ] with T¨< +∞, and   be convex domain in Rn, with sufficiently smooth
boundary   and. (., .) denotes the inner product in L2(), A is an operator defined over H1 (), by
Au  =  −
n∑
i,j=1
∂
∂xi
aij (x) ∂u
∂xj
+
n∑
j=1
bj (x) ∂u
∂xj
+ a0 (x) u, (1.2)
where a (., .) is the bilinear form associated with operator A,  a (., .) is defined in (1.2)
a (u, v) =
∫

⎛
⎝ n∑
i,j=1
aij(x) ∂u
∂xi
∂v
∂xj
+
n∑
j=1
bj (x) ∂u
∂xj
v  +  a0 (x) uv
⎞
⎠ dx (1.3)
and whose coefficients aij(x),  bj (x) , a0(x) ∈  L∞ () ∩  C2
(

)
,  x ∈  ,  1 ≤  i,  j  ≤  n  are sufficiently smooth
coefficients and satisfy the following conditions:
aij(x) =  aji(x); a0(x)≥β  >  0,  βis a constant (1.4)
n∑
i,j=1
aij(x)ξiξj≥γ|ξ|2; ξ  ∈  Rn,  γ  >  0,  x  ∈  .  (1.5)
f is a regular function satisfying
f  ∈  L2 (0,  T,  L∞ ()) ∩  C1 (0,  T, H−1 ()) and f ≥0.  (1.6)
M  is an operator given by (Mu) (x) = k  +  inf
ξ≥0,x+ξ∈
u (x +  ξ) where k  > 0 and ξ ≥  0 means that ξ = (ξ1,  ξ2, .  . .,  ξn)
with ξi ≥  0, which satisfies
Mu  ∈  L2(0,  T,  W2,∞ ()) (1.7)
and 0 is the part of the boundary defined by: 0 =
{
x  ∈ ∂  =  such that ∀ξ  >  0,  x  +  ξ  /∈  }. Finally, ∂u/∂η  =
∇u · 
η,  such that 
η is the normal vector. The symbol (.,  .) stands for the inner product in L2(), (.,  .)0 stands for the
inner product in L2(0).
K (u) is an implicit convex set defined as follows:
K (u) =
⎧⎪⎨
⎪⎩
u ∈  L2 (0,  T,  H10 ()) , u (x) ≤ Mu, ∂u∂η = ϕ  in 0,
u =  0 in \0,  u (x, 0) = u0 in 
⎫⎪⎬
⎪⎭ (1.8)and we know by [17] M  is satisfying some proprieties as
M is concave, that is for any ∀u,  v  ∈  C ()
M (δu + (1 −  δ) v) ≥δM (u) + (1 −  δ) M (v)
a2
2
t
d
V
w
ϕ
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T
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w
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nd it also satisfies
∀η  ∈  R,  M (u +  η) =  M (u) +  η (1.9)
We specify the following notations:
‖.‖L2() =  ‖.‖2,  ‖.‖1 =  ‖.‖H10 () and ‖.‖L∞() =  ‖.‖∞.
.  The  discrete  parabolic  quasi-variational  inequalities
.1.  The  space  discretization
Let   be decomposed into triangles and τh denotes the set of those elements, where h > 0 is the mesh size. We assume
hat the family τh is regular and quasi-uniform. We consider the usual basis of affine functions ϕii = {1, . .  ., m (h)}
efined by ϕi(Mj) = δij where Mj is a vertex of the considered triangulation. We introduce the following discrete spaces
h of finite element
Vh =
⎧⎪⎪⎨
⎪⎪⎩
vh ∈  L2
(
0,  T,  H10 ()
) ∩  C (0,  T, H10 ()) ,  such that vh|K =  P1,  k  ∈ τh, vh ≤  rhM (vh) ,
vh (.,  0) = vh0 (initial data) in , ∂vh
∂η
=  ϕ  in 0, vh =  0 in \0,
⎫⎪⎪⎬
⎪⎪⎭ (2.1)
here P1 Lagrange polynomial of degree less than or equal to 1.
We consider rh be the usual interpolation operator defined by
vh ∈  L2
(
0,  T,  H10 ()
)
∩  C
(
0,  T,  H10
(

))
,  rhv  =
m(h)∑
i=1
v (Mi) ϕi (x) . (2.2)
The  discrete  maximum  principle  assumption  (dmp)  [cf.  [11]]: We assume the matrice whose coefficients a(ϕi,
j) are M-matrice. For convenience in all the sequels, C will be a generic constant independent on h.
We discretize in space, i.e., we approach the space H10 by a space discretization of finite dimensional Vh ⊂  H10 . In
 second step, we discretize the problem with respect to time using the θ-scheme.
We consider the semi-discrete problem, namely for vh ∈ Vh(
∂uh
∂t
, vh −  uh
)

+  a (uh, vh −  uh) ≥(f,  vh −  uh) + (ϕ, (vh −  uh))0 . (2.3)
heorem  1 (cf. [4]). Let  us  assume  that  the  bilinear  form  a(. , .) is  weakly  coercive  in  H10 ().  Then  there  exist  two
onstants α  > 0 and  λ  > 0 such  that:
a (uh,  uh) +  λ‖uh‖2≥α‖uh‖1,  (2.4)
here
λ  =
(‖bj‖2∞
2γ
+ γ
2
+  ‖a0‖∞
)
,  α  = γ
2
.
.2.  The  time  discretization
Now we apply the θ-scheme in the semi-discrete approximation (2.3). Thus we have, for any θ  ∈ [0, 1] and k  = 1,
 . ., p (
ukh − uk−1h , vh − uθ,kh
)

+ (t) a
(
u
θ,k
h
, vh − uθ,kh
)
≥ (t)
[(
f θ,k, vh − uθ,kh
)

+
(
ϕθ,k,
(
vh − uθ,kh
))

]
, (2.5)0
here
u
θ,k
h =  θukh + (1 −  θ) uk−1h
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f θ,k =  θf k + (1 −  θ) f k−1 (2.6)
and
ϕθ,k =  θϕk + (1 −  θ) ϕk−1.  (2.7)
By multiplying and dividing by θ  and by adding
(
uk−1h /θt,  vh −  uθ,kh
)
to both parties of the inequalities (2.5), we
get (
u
θ,k
h
θt
, vh − uθ,kh
)

+ a
(
u
θ,k
h
, vh − uθ,kh
)
≥
(
f θ,k + u
k−1
h
θt
,  vh − uθ,kh
)

+
(
ϕθ,k, vh − uθ,kh
)
0
, vh ∈ Vh. (2.8)
We have
u
θ,k
h =  θukh + (1 −  θ) uk−1h ≤  θrhMukh + (1 −  θ) rhMuk−1h ,
using the concavity of rhM  we get
u
θ,k
h ≤ θrhMukh + (1 −  θ) rhMuk−1h
≤ rhM(θukh + (1 −  θ) uk−1h )
≤ rhMuθ,kh ,
thus uθ,kh ∈  Vh. Then, the problem (2.8) can be reformulated into the following coercive discrete system of elliptic
quasi-variational inequalities
b
(
u
θ,k
h ,  vh −  uθ,kh
)
≥
(
f θ,k +  μuk−1h , vh −  uθ,kh
)

+
(
ϕθ,k,
(
vh −  uθ,kh
))
0
,  vh,  u
θ,k
h ∈ Vh,  (2.9)
where⎧⎪⎪⎨
⎪⎪⎩
b
(
u
θ,k
h ,  vh −  uθ,kh
)
= μ
(
u
θ,k
h ,  vh −  uθ,kh
)

+  a
(
u
θ,k
h , vh −  uθ,kh
)
, vh, u
θ,k
h ∈ Vh,
μ = 1
θt
= p
θT
.
.  (2.10)
2.3.  Stability  analysis  for  the  discrete  PQVI
It is possible to analyze stability taking advantage of the structure of eigenvalues of the bilinear form a (., .), and
we call that W  is compactly embedded in L2 () since   is bounded. Thus, there is a non decreasing sequence of
eigenvalues δ≤  λ1 ≤  λ2 ≤  .  .  ., for the bilinear form a (., .), i.e., ∀vh ∈  Vh
ωj ∈  L2,  ωj /=  0 : a(ωj, vh) =  λj(ωj,  vh).
The corresponding eigenfunctions {ωj} form a complete orthonormal basis in L2 (). In analogous way, when consid-
ering the finite dimensional problem in Wh, we find a sequence of eigenvalues δ ≤  λ1h ≤  λ2h ≤  .  . .  ≤  λm(h) and
L2-orthonormal basis of eigenvectorss ωih ∈  Wh,  i =  1,  2,  .  . ., m (h). Any function vh in Vh can thus be expanded
with respect to the system ωih as
vh =
m(h)∑
i=1
(vh,  ωih)ωih,
in particular, we haveukh =
m(h)∑
i=1
uki ωih and uki =
(
ukh,  ωih
)

.
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v
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oreover, let f kh be the L2-orthogonal projection of θf k + (1 −  θ) f k−1 into Wh i.e.,f kh ∈ Wh and⎧⎪⎨
⎪⎩
(
f
θ,k
h , vh
)
  = (θf k + (1 −  θ) f k−1, vh)(
ϕ
θ,k
h ,  vh
)
0
= (θϕk + (1 −  θ) ϕk−1,  vh)0 (2.11)
nd set⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
f kh =
m(h)∑
i=1
f ki ωih; f
k
i =
(
f kh ,  ωih
)
ϕkh =
m(h)∑
i=1
f ki ωih; ϕ
k
i =
(
ϕkh, ωih
)
0
.
We are now in a position to prove the stability for θ  ∈
[
0, 12
[
.
Choosing in (2.3) vh =  0 and by using the trace theorem, thus we have foruθ,kh ∈  Vh
1
t
(
ukh − uk−1h , uθ,kh
)
+ a
(
u
θ,k
h
, u
θ,k
h
)
≤
(
f
θ,k
h
, u
θ,k
h
)

+
(
ϕ
θ,k
h
, u
θ,k
h
)
0
≤
(
f
θ,k
h
, u
θ,k
h
)

+ ε
(
ϕ
θ,k
h
, u
θ,k
h
)

, ε≥0. (2.12)
Thus the inequality (2.12) is equivalent to
1
t
(
uki −  uk−1i
)
+  λihuθ,ki ≤  f ki +  εϕki , ε≥0.  (2.13)
We used here that ωih are the eigenfunctions in Vh, that is
a (ωih, ωih) = λih (ωih, ωih) =  λih · δii =  λih.
Therefore, we can rewrite (2.13) as
uki ≤
1 − (1 −  θ) ·  t  · λih
1 +  θt  · λih u
k−1
i +
t
1 +  θt  ·  λih (f
k
i +  εϕki ).  (2.14)
The inequality (2.14) is stable if and only if
|1 − (1 −  θ) ·  t  ·  λih
1 +  θt  · λih |  <  1,
hat is
2θ  −  1 >  − 2
λih · t ,
r
t  <
2
(1 −  2θ) λih .
Because this relation is satisfied for all the eigenvalues λih of bilinear form a (., .), we have to choose their highest
alue, and we take it for λmh =  ρ (A) (spectral radius of A).
We deduce that if θ  ≥  1/2 the θ-scheme way is stable unconditionally (i.e., stable ∀t). However, if 0 ≤  θ < 1/2 the
-scheme is stable unless
t  <
2
(1 −  2θ) ρ (A) .  (2.15)
Notice that this condition is always satisfied if 0 ≤  θ  < 1/2. Hence, taking the absolute value of (2.14) we have|umi | <  |u0i |  +  |
t
1 +  θt  · λih |
m−1∑
i =1
(f ki +  εϕki ),
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also we deduce
‖umi ‖∞ <  ‖u0i ‖∞ +  ‖
t
1 +  θt  · λih ‖∞
m−1∑
i =1
‖f ki +  εϕki ‖∞. (2.16)
Proposition  1.  We  have
‖uph‖22 +  t
p∑
k=1
a
(
u
θ,k
h ,  u
θ,k
h
)
≤ C (p)
(
‖u0h‖22 +
p∑
k=1
t‖f θ,k +  εϕθ,k‖22
)
. (2.17)
Proof.  We take vh =  0 in (2.3), for the left-hand side we can easily show(
ukh −  uk−1h , uθ,kh
)

+  t  · a
(
u
θ,k
h ,  u
θ,k
h
)
= 1
2
(
‖ukh‖22 −  ‖uk−1h ‖22
)
+
+
(
θ  − 1
2
)
‖ukh −  uk−1h ‖2 +  t  ·  a
(
u
θ,k
h ,  u
θ,k
h
)
,
then we get for θ  ≥  1/2(
ukh −  uk−1h , uθ,kh
)

+  t  · a
(
u
θ,k
h ,  u
θ,k
h
)
≥1
2
(
‖ukh‖22 −  ‖uk−1h ‖22
)
+  t  ·  a
(
u
θ,k
h ,  u
θ,k
h
)
≥1
2
(
‖ukh‖22 −  ‖uk−1h ‖22
)
+ (t) ‖uθ,kh ‖21.
For the right-hand side we make use of the following algebraic inequality
ab  ≤ 1
2
(
a2 +  b2
)
, ∀a,  b ∈  R.
Also, by using the Theorem 1 and the coerciveness assumption of a (., .)
(t)
[(
f θ,k,  u
θ,k
h
)

+
(
ϕθ,k,  u
θ,k
h
)
0
]
≤ t
(
1
2
‖uθ,kh ‖22 +
1
2
‖f θ,k +  εϕθ,k‖22
)
≤ t
(
1
2
a
(
u
θ,k
h ,  u
θ,k
h
)
+ 1
2
‖f θ,k +  εϕθ,k‖22
)
,
thus
‖ukh‖22 −  ‖uk−1h ‖22 +  t  ·  a
(
u
θ,k
h ,  u
θ,k
h
)
≤ t‖f θ,k +  εϕθ,k‖22.
We deduce
p∑
k=1
‖ukh‖22 +  t
p∑
k=1
a
(
u
θ,k
h ,  u
θ,k
h
)
≤
p∑
k=1
‖uk−1h ‖22 +  t
p∑
k=1
‖f θ,k +  εϕθ,k‖22.
The sum becomes
‖uph‖22 +  t
p∑
a
(
u
θ,k
h ,  u
θ,k
h
)
≤ C (p)
(
‖u0h‖22 +
p∑
t‖f θ,k +  εϕθ,k‖22
)
,k=1 k=1
where C (p) is a constant independent of h  and t, thus we have proved that the scheme is unconditionally stable for
θ ≥  1/2. 
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.  Existence  and  uniqueness  for  discrete  PQVI
.1.  A  ﬁxed  point  mapping  associated  with  discrete  problem
We consider the following mapping
Th : L
∞+ () −→  Vh
w  −→  Th (w) = ξh,
(3.1)
here ξh is the unique solution of the following PQVI: find ξh ∈  Vh
b (ξh,  vh −  ξh) ≥
(
f θ,k +  μw,  vh −  ξh
)

+
(
ϕθ,k, (vh −  ξh)
)
0
,  vh ∈  Vh.
roposition  2 (cf. [3]). Under  the  previous  hypotheses  and  notations,  if  we  set  θ  ≥  1/2,  the  mapping  Th is a contraction
n L∞ () with  a  rate  of  contraction  (1/(1 + βθt)).  Therefore,  Th admits  a  unique  ﬁxed  point  which  coincides  with
he solution  of  PQVI  (2.9).
roposition  3 (cf.4). If  we  set  0 ≤  θ  < 1/2 the  mapping  Th is  a  contraction  in  L∞ () with rate  of  contraction
/(2 + βθ(1 −  2θ)ρ(A)),  where  ρ(A) spectral  radius  of  the  operator  A.
.2.  Iterative  discrete  algorithm
We choose u0h as the solution of the following discrete equation
b(u0h,  vh) =
(
g0,  vh
)
, vh ∈  Vh,  (3.2)
here g0 is a regular function given.
Now we give our following discrete algorithm
u
θ,k
h =  Thuk−1h ,  k  =  1,  .  .  ., p,  uθ,kh ∈  Vh (3.3)
here uθ,kh is the solution of the problem (2.9).
emark 1.  If we choose θ  = 1 in (3.3) we get Bensoussan’s algorithm. The idea of this choice has been studied in
6–10].
roposition  4 (cf.4). Under  the  previous  hypotheses  and  notations,  we  have  the  following  estimate  of  convergence  if
 ≥  1/2
‖uθ,kh −  u∞h ‖∞ ≤
(
1
1 +  βθt
)k
‖u∞h −  uh0‖∞ (3.4)
nd  if  0 ≤  θ  < 1/2,  we  have
‖uθ,kh −  u∞h ‖∞ ≤
(
2
2 +  θβ (1 −  2θ) ρ (A)
)k
‖u∞h −  uh0‖∞. (3.5)
.  L∞-Asymptotic  behavior
In [3], we proved the following error estimate for the elliptic Q.V.I related to impulse control problem:
heorem 2 (cf. [3]). Under  the  results  of  the  Theorem  3, and  the  Theorem  2. Then  there  exists  a constant  C  independent
f both  h and  n  such  that
‖u∞ −  u∞,nh ‖L∞() ≤  Ch2| log h|3,  (4.1)
here  u∞:  the  continuous  solution  of elliptic  quasi  variational  inequality
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4.1.  Asymptotic  behavior
This section is devoted to the proof of main result of the present paper, where we prove the theorem of the asymptotic
behavior in L∞-norm for parabolic variational inequalities, where we evaluate the variation in L∞ between uθh(T,  x),
the discrete solution calculated at the moment T  = pt  and u∞,the asymptotic continuous solution
Theorem 3.  (The  main  result).  Under  the  results  of  the  Proposition  4 and  the  Theorem  2, we  have
for the  ﬁrst  case  θ  ≥  1/2
‖uθ,ph −  u∞‖∞ ≤  C
[
h2| log h|3 +
(
1
1 +  βθt
)p]
(4.2)
and  for  the  second  case  0 ≤  θ < 1/2
‖uθ,ph −  u∞‖∞ ≤  C
[
h2| log h|3 +
(
2
2 +  θ (1 −  2θ) ρ (A)
)p]
,  (4.3)
where  C  is  a constant  independent  of  h  and  k.
Proof. We have
u
θ,k
h =  uh (t,  x) for t ∈ ](k −  1) t; kt[ ,
thus
u
θ,p
h (x) = uh (T,  x) .
Then
‖uh (T ) −  u∞‖∞ =  ‖uθ,ph −  u∞‖∞
≤  ‖uθ,ph −  u∞h ‖∞ +  ‖u∞h −  u∞‖∞.
Using the Proposition 4 and the Theorem 2, we have for θ  ≥  1/2
‖uθ,ph −  u∞‖∞ ≤  C
[
h2| log h|3 +
(
1
1 +  βθt
)p]
,
and for 0 ≤  θ  < 1/2 we have
‖uθ,ph −  u∞‖∞ ≤  C
[
h2| log h|3 +
(
2
2 +  βθ (1 −  2θ) ρ (A)
)p]

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